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1 Introduction 

The purpose of this paper is to answer questions of L. Simon [6, p. 243] and W. K. Al- 
lard [1, p. 460]. The book [6] and the paper [1] are standard sources cited when 
varifolds and related regularity results are of concern. Varifolds are generalized (non- 
oriented) surfaces and admit compactness properties suitable to approach the problem 
of existence of surfaces with minimal area. For questions about the regularity of the 
minimizer, the exploration of the tangents is important. 

On p. 243, L. Simon recalls the definition of tangent varifolds. He proves that if C 
is a tangent varifold (and if some natural conditions are satisfied), then Hc is conical, 
where jic denotes the measure in M" associated with C by the direction-forgetting 
projection Gm{W^) — >^ R". He says that it seems to be an open question whether C 
itself has to be conical. 

Likewise, W. K. Allard [1, p. 459-460] states that all C G VarTaUaV are conical 
(under some conditions on density) and then he says he knows of no varifold (sta- 
tionary, ...) such that VarTaiia V has more than one element. 

The result that we prove in this paper is the following (see Theorem 5.1 and 
Theorem 5.2). 

Theorem 1.1 There exists a stationary rectifiable 2-varifold in that has a non- 
conical (hence non-unique) tangent at a point. There exists a stationary rectifiable 
2-varifold in K'* that has a conical but non-unique tangent at a point. (The varifolds 
have a positive and finite k-dimensional density at the point.) 

Note that there is no such varifold V with non-conical tangent and 6^{iXv,-) bounded 
away from zero on spt ^ly, as the following results imply. 

Lemma 1.1 Let V be a stationary m-varifold on an open set Q C M", xq G Q, C G 

YavTm^^V and C 0.^ 

If d'"{C,x) > for Hc-almost every x, then C is conical and rectifiable. {Stated 
on [6, p. 243], proved in proof of [6, Corollary 42.6].) 

IfC is rectifiable, then d"'{C,x) > Ofor ^ic-almost every x and hence C is again 
conical. 

Ifd'"{nv,-) > c> Hv -almost everywhere then 0'"(C,-) > c> Hc-almost ev- 
erywhere and C is conical (and rectifiable) [6, proof of Corollary 42.6]. 

Further note that if C is a tangent varifold from our example, then ^ must be 
conical [6, 42.2 on p. 243]. 

For stationary 1 -varifolds, the tangent varifolds C are always conical since Hc is 
conical and xGS (equivalently, pg± (x) = 0) for all {x,S) G sptC [6, p. 243, 1. 2-3]. 



' Since C 7^ 0, we have 9™(^iv,xo) e (0,°°) from the Monotonicity formula for stationary varifolds, 
cf. [6, 40.5]. Therefore the assumptions of Corollary 42.6. (namely 42.1.) are satisfied. 
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2 Notation and definitions 

For < r < J < oo, denote by Sr{M") the sphere of radius r in M" and = A^(M«) = 
{x G R" : r < ||x|| < s} the annulus (or sheU) in R". Let = Si (R^). 

X denotes a smooth compactly supported vector field on M." (or on 12 C M"). 

If V is a measure and M is v-measurable then v lM denotes the restriction of v 
toM: (VlM)(A) = v(MnA). 

<j)#H denotes the image measure [3, 2.1.2]: 

(/)#Ai(A)-iU((/)-'(A)). (1) 

If y is a /c-varifold in R" (i.e., a measures on Gk{M"), see Section 2. 1), then we write 
0#V for the image measure (if dom^ c Gfe(R")) defined by (1) and 

(l>mV 

for the image varifold (assuming dom<^ c R"; see Section 2.4). The standard nota- 
tion for both is the same i<j)#V) which would cause difficulties when reading some 
expressions in this paper. 

2.1 Varifolds 

To recall basic notions we follow and extend [4, p. 4-5, §Varifolds]. More details 
can be found in [1] and [6]. An m-varifold V on an open subset i2 c M" is a Radon 

measure on 

Gm{0.) :=i2 X G{n,m). 

iG{n,m) denotes the Grassmann manifold consisting of m-dimensional linear sub- 
spaces of R".) The space of ;7i-varifolds is equipped with the weak topology given by 
saying that V, — > V if and only if J/dV — t- //dV for all compactly supported, contin- 
uous real- valued functions on G"/n(X2). Varifolds can be combined using the addition 
which is addition of measures {{c\V\ +C2V2){B) = ciVi (B) + C2V2{B)). A countable 
sum of varifolds is also a varifold, provided it is a Radon measure, i.e., it assign finite 
values to compact sets. 

To a given m-varifold V, we associate a Radon measure jj.v on Q by setting 
HviA) = y(Gm(A)) for A c £2. Hv is called the weight of V ([6, p. 229]). As a par- 
tial converse, to a (Radon) m-rectifiable measure n (see [4]) we can associate an 
m-rectifiable varifold V = V^u by defining 

V{B)=n{x:{x,T,)GB}, BcG„,{n) (2) 

where 7^ is the approximate tangent plane at x? If a countable sum of rectifiable var- 
ifolds is also a varifold then it is rectifiable. In this paper we need only the following 

^ Although there are several possible definition of approximate tangent plane (see [4], [1, p. 428, (3) 
and (b)] and [6, 11.2]), they agree |t-almost everywhere. The definitions of rectifiable varifolds in [1] and 
[4] essentially agree with that of [6], cf. footnote on [6, p. 77]. 
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particular case of rectifiable varifolds (and their countable sums): V = Vc-M:'"'x_s where 
S = range([/) is a smooth parameterized surface and c G (0,°°). Then the approxi- 
mate tangent plane Tu^^) agrees (/ly-almost everywhere) with the classical tangent 
s^m{dU/dx^ dU/dxf'} to S, and V is exactly c • v(5) from [1, p. 431]. 

The support of a measure jU is denoted by spt;U. Note that if V is an w-varifold in 
QcW then sptV C Gm{M") while sptjUy C M". If V is an m-varifold (hence also a 
measure) and we say that V is supported by a set M if M C K" and jj.v {W \ M) = or 
M c Gm(M") and V (G«(/?") \M) = 0. If V is an m-varifold on 12 c M" and M c 12 
then y L Gm (M) might be called the restriction of V to M. 

The density that we use in Introduction is defined as 



for a measure n on K", and by 0*(y,x) = 9'^{iM/,x) for a varifold V. 

2.2 The first variation. Stationary varifolds. The mass. The curvature. 

The first variation of an w-varifold V is a map from the space of smooth compactly 
supported vector fields on i2 to M defined by (see [1, p. 434] and [6, p. 234, p. 51]) 



where div^X (x) is the divergence at x of the field X restricted (and projected) to affine 
subspace x + 5 ([6, p. 234]). The idea is that the variation measures the rate of change 
in the 'size' (mass) of the varifold if it is perturbed slightly (see the alternate formula 
in [6, p. 233]). The mass of the varifold (see [6, p. 229]) is given by 



If 8V = 0, then the varifold is said to be stationary. Varifold V^^lS associated to 
an OT-dimensional affine plane S in K" is stationary. 

Assume V = Vj^m^s is the rectifiable varifold associated to Hausdorff measure 
restricted to a smooth surface S cM." such that the closure 5 is a C^-smooth compact 
manifold with smooth (m — l)-dimensional boundary dS := M\M. Then (3) reads 



e'{n,x) = lim n{A^o)/r' 




(3) 



M(y)=y(G^(i2)) = jUy(i2). 




(4) 



and can be (see [6, 7.6]) computed as 



5V{X) = -f 
Js 



Jds 



X-T]dJif' 



7m— I 



(5) 



where tj is the inward pointing unit co-normal of dS, cf. [6, p. 43], and H is the mean 
curvature vector ([6, 7.4]). If [/ is a parameterization of S and ^(x) := {dU /dx^ 
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dU/ (Jx™} happens to be orthonormal at x then H can be obtained (cf . 7.4 and the last 
line on p. 44 of [6]) as 

where v-*- denotes orthogonal projection of v to the orthogonal complement of T^^^-^ = 
span=^(x). If ^{x) is merely orthogonal at x, a linear change of variables = 

VF^'- = \\du/ajf\\ ^i reveals that 

H(^W) = |(/^)'. (« 

We skip further derivations and note for the sake of completeness that (6) is in accor- 
dance with the following formula: 



H(fW)=(&"^)' (7) 



■ ij 

where {g'j) is the inverse to the metric tensor (gij) (see [5, (1.11), p. 1098]). 



2.3 An example 

Exercise 2.1 Let // be a hyper-plane dividing into two half-spaces H\,H2- Let S\, 
S2 be 2-dimensional subspaces orthogonal to H. For i = l,2, let Vt = ^Hi)x 
(where 5s- is the Dirac measure at the point Sj G G(3, 2)) and V = Vi+ V2. Show that 
y is a stationary varifold on M?. 

Solution. From (3) and the divergence theorem we have 5Vi{X) = — ffjX- rjidJ^^ 
where is the inward point unit normal to . □ 

Interpretation. V, is the integral (or, uncountable "linear combination") of varifolds 
= x^^i- The variations 5Vi^x combine in the same way, and it turns 

out that the result is exactly opposite for V\ and V2. 

Remark 2.1 The varifold V is a 2-varifold supported by the 3-space {nv = 
spt ;Liy =M^);y is non-rectifiable. Y can be "approximated" by a rectifiable varifold 
supported by many half-planes touching H and parallel to S\ (inside H\) or ^2 (inside 
H2). (The more half-planes, the better approximation and the less density on each of 
them.) This varifold cannot be stationary — the failure is located near H. There is a 
better "approximation" that is rectifiable and stationary, which is supported by strips 
of plane creating structure that branches and refines toward s //. D 

Remark 2.2 Also the 2-varifold lMi ) x + lMi) x 5$^ is stationary when 
Ml = Uezpfe- 1,2A:] X M X M, M2 = Uez[2A:,2A;-|- 1] x R x K, = M x R x {0} 
^2 = R X {0} X R. 1] 
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2.4 Tangents. Conical varifolds 
ForjceK"andA > 0, let 

t/.,aW = ^, yeR«. (8) 

If Y and C are m- varifolds on M" and x G M", we say that C is a tangent varifold 
to y at X, C e VarTan^y, if there exist Aj > 0, A, such that, for every continuous 
function / on Gm(K") with compact support, 

J f{y,S)dC{y,S) = lim{^i)-'" J f{r],^;,_{y),S)dV{y,S). 

This is equivalent to 

(weakly), which is the definition used in [6, p. 242-243]. 

The general definition of ## for varifolds is (denoted differently by #) in [6, p. 233] 
and it is slightly complicated. We need m only (i) with maps that are combination of 
translation and homothety, Uke (8), in which case 

ri.xmV{A) = {^i)-'"V{{(y,S) : {ri,xiy)^S) G A}); 

(ii) with orthonormal Unear maps L, with 

L^V(A) =y ({(>., 5) : {L{y),L{S)) eA}). 

An OT- varifold C is conical if 

Ho.A mC = C 

for every A > 0. 



3 The non-rectiflable varifold 

We start with an example of a non-rectifiable varifold, which is simpler. The recti- 
fiable varifold in later sections is in fact a suitable rectifiable approximation of this 
non-rectifiable example. Thus, in this section we prove the following weaker version 
of Theorem 1.1. 

Proposition 3.1 There is a 2-varifold in that has a non-conical (hence non- 
unique) tangent at a point. There is a 2-varifold in that has a conical but non- 
unique tangent at a point. 
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Proof The varifold will be supported by the three-dimensional surface^ ^ in pa- 
rameterized by 

F{{a,b),{c,d)) =ace\ +bce2 + ade3 + bde4. (9) 
Then, for every f > 0, 

F{{ta,tb),{c,d))=tF{{a,b),{c,d)) = F{{a,b),{tc,td)) (10) 

and 

F{{a,b),{c,d)) = c{ae\ +be2) +d{ae3+be4) = a{cei+de^) + b{ce2+de4). (11) 

Now, we are ready for an informal explanation of the idea. The surface is the 
union of a parameterized family of two-dimensional linear subspaces. In fact there 
is a pair of such representations that are "orthogonal": We can fix {a,b) G as a 
parameter and use variables {c,d) e to create a 2-dimensional varifold vj^"'''^ := 
^^Lspan{aei+&e2, ae^+be^} (which is Stationary because it is associated to a 2-plane). 
Then we obtain a new (non-rectifiable) stationary varifold Vi by averaging yj^"''''^ over 
all (a, ^) e We also do the same with swapped (a, b) and (c, d) to obtain a different 
stationary varifold V2 (yet with [ivi = Mv2)- Suitable parts of the two varifolds can be 
joined together in similar way as in Exercise 2.1, with the separating hyperplane 
H replaced by a sphere. The resulting varifold is again stationary; the quantitative 
aspects of the formal proof of this fact depend on the presence of "orthogonality" of 
the parameterizations. Moreover, we can interleave an infinite number of concentric 
shells containing (parts of) Vi and V2 to obtain the target (non-rectifiable) varifold. 
Now we proceed with the formal definitions, arguments and calculations. 

Let < r < i < 00, 

gl{{a,b), {c,d)) = spanjaei +be2.,ae-}, +/7e4}, 
g2{{a,b), {c,d)) = spcin{cei+de3,ce2 + de4}, 
(gi does not depend on all its parameters), 

{a,b,c,d) ^ {F{{a,b),{c,d)),gi{{a,b),{c,d))), 

<h,r,s = {F,g2): X ^ G2{K{m^)), 

{a,b,c,d) ^ {F{{a,b),{c,d)),g2{{a,b),{c,d))), 

Vl,r,s = ^l,rM'^^^^\ (12) 

V2,.,, = <fc,r,,#(^'xJfi), (13) 

^ The surface is neither a linear space nor a convex set: it contains points (1,0,0,0) (a = c = 1, b = 
d = 0) and (0,0,0, 1) (a = c = 0, = d = 1) but does not contain (1/2,0,0, 1/2). Indeed, (f,0,0,f) = 
(ac,bc,ad,bd), r 7^0 leads toa^O,c = t/a,b^O, d = t/b, thenfe/a = 0, aj/i> = and finally = = a, 
a contradiction. 

The surface is actually a copy of the three-dimensional cone generated by §' x as can be seen 
from the relation (cos 7, sin 7, cos 5, sin 5) = {x+w,y — z,x — w,z+y) where {x,y,z,w) =f ((cos a, sin a), 
(cosj8,sinj3)), 7= a- ji,d = a 4-/3. 

The surface was the first known nontrivial minimal cone in K'*, [5, p. 1113]. §1 X is so called CUfford 
torus. Recently, Simon Brendle announced that (up to a congruence) it is the only embedded minimal torus 
in §3 [2]. 
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where # denotes the image of a measure (the image is a measure that happens to be 
a varifold), is the one-dimensional Hausdorff measure in the unit sphere 
and J5f^ is the Lebesgue measure (on the annulus A^(R^) c R^). From the definition 
of OT-varifold we see that Vi,r.s defined by (12), (13) are 2-varifolds. To see that V,- r « 
can also be obtained by "averaging" (integrating, in the weak sense) 2-rectifiable 
varifolds, let 

<#>i,r,5,(a,fc)(c,i^) = <|>i,.,^((a,fo),(c,J)), {c,d) eA'^{R^), 
<fc,r,5,M)(«,^) = 02,r,5((«,fe),(c,c')), {a,b)GA',{R^), 

yi.r.s,{a,b) '■= <Pl,r,s.,{a.,b)#-^^ = V,//^^-L{spiin{aei+be2.,ae3+be4}nA'^{R-*)) i (14) 



'2,r,s,{c4)'-- ^2,r,s,(c4)#-^ - X>r2L(span{cei+de3.ce2+rfe4}nA-KK4)) i (15) 

where "=" are vaUd under condition {a,b) € or {c,d) € §\ respectively. Then, by 
the Fubini theorem, 

Vl,r,s= / , ^l,r,s,(a,M (16) 

Since V^;r,s,(-, ) i^^^ varifold corresponding to an annulus part of a 2-plane (H = 
0), its first variation corresponds to the inward pointing unit co-normal field supported 
on the two circles (cf. (5)): 

5Vl,r,.,(a,6)(^)= / X-NdJf^- I X-NdJif\ 

{F(a,b,c4):c^+(P=.'?} {F(a,b,c4).cHd^=r^} 

5V2,,,,,(c,d)(X)= j X-NdJf'- I X-NdJif' 

{F(a.,b.,c4):iP-+b^=s^ {F{a,b,c4):aHb^=r^} 

where N{x) = x/\\x\\ and where we leave out the first term if ^ = oo. The second term 
is zero if r = 0. Integrating over {a,b) e respective over {c,d) e 5i(M^), and 

changing the variables back to the image of F (where it becomes a circle of radius s 
or r), we get 

X-N d xJfi- / X-N d xJfi 

(R2) x5,(K2)) F{Si (R2) xS,(K2)) 

SV2,r,s{X)= J X-N dJf^x^- J x-NdM'^x^ 

f(Sj(M2)xSi(M2)) F(5r(K2)x5i(lR2)) | 

(Again, if i = «> or r = 0, the first or second term has to be replaced by zero. In 
particular, V,,o,~ stationary.) Therefore Vi^r,s and ^2,r,j have the same first variation, 

= 5V2,'r,s, and (cf. (3)) 

/ divsX{x)dVl,rAx,S)= [ divsX{x)dV2,rAx,S). (18) 

Jn Jn 
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We show that 

y = = I (^V2.,r,,^t + V2,r,,^,,r,,^,) (19) 

(■=— oo 

is a stationary varifold for any increasing sequence {ri}i^z with lini,_^oof, = oo and 
hm,^._oo r,- = 0. 

Indeed, V is a Radon measure on G2(M'*) since, e.g., V (G2(Aq)) = n ■ ns^. Us- 
ing (3) and substituting from (18) 



■,>'2i+l,r2i+2 



SV{X)= £ / diV5Z(x)dyi,,,,,,,^,+ / divsX{x)dV2,, 

= £ / divsx(x)dyi.,,,,,^, = / div5X(x)dyi,o,oo = o 

since Vifi,^ is stationary. 

If r,- = 2' then C := V is a non-conical tangent varifold to V at S M'^. (Also 
TJo,A mV e VarTanoV for A e (0,oo).) 

If r, = 2^' then Vi .o.oo and ¥2.0.00 are two different conical tangent varifolds to V at 
OgW^. (Also yi,o,r + V2,r,oo S VarTauQ V and y2,o,r + ^1,^,00 G VarTanoV for r e (0,oo).) 

The above statements about "non-conical" tangent and about "two different" var- 
ifolds need a bit of justification and deserve to be formulated separately. □ 

Lemma 3.1 Varifold V = V{r;};g2 from (19) is not conical. Furthermore, Vi^r,s ^2,r,s 
for any < r < s < oo. 

Proof We claim that 

if F(x) = ^ then {x) ^ g2{y) • (20) 
For jc = {x\,X2,xz,xa) € {0}, we haveF~^(x) = or 

F-\x) C { {±t^x\ +xl±t^xl+xl±\^^x\ + xl±\^,Jxl+xl) : ? > 0}. 
First we show that 

■^i := 8i{{o,b),{c,d)) is different from ^2 := g2{{^a,±b), {±c,±d)) (21) 

apart from singular cases a = b = OoiLC = d = (when F{{a,b), {c,d)) = 0): Since 
g2 does not depend on a and b, we have 82= g2{{a,b), (±c, ±d)). Since ^1 does not 
depend on c and d, we can freely change the sign of c (and d) in (21). Therefore it is 
enough to consider ^2 — g2{{a,b),{c,d)). Assume that a^ + b^ ^0 and c^ + d^ 0. 
Si and ^2 are two-dimensional subspaces and if = 52 then span(5'i U S2) is two- 
dimensional as well, i.e., the matrix 

a h Q 
00 a h 
c Od 
c d 



has rank 2. Then (a^ -h ^^)c = - 00a + 00 b =0 + = 0, (a^ + b^)d = 

c e 

= 0. Hence c = 0, J = 0, a contradiction showing that (21) is true. 





Oab 
OdO 



aOO 
Oab 
00 d 
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Since gi{{ta,tb),{uc,ud)) = gi{{a,b),{c,d)) = Sj for j = 1,2 and t,uG M\ {0}, 
we get (20). 

By (20), Vi^r,s and V2^r,s are supported by disjoint subsets of G2(M^) whenever 
r > 0. (For r = 0, sptVi_,','n sptVz,,,, C {(0,0,0,0)} x G(4,2).) Hence Vi,,., ^ V2,r,s 
for any Q <r < s <°°. Obviously, varifold V = V{ri}ig^ conical. □ 



4 The rectifiable varifold 

The rectifiable stationary varifold (lets call it Vrect for now) will be obtained as a suit- 
able approximation of the above non-rectifiable V. Instead of planar strips smoothed 
out by averaging, the support consists now of pieces ("rings") of curved surface that 
will branch towards the boundary of the layer. 

Since now the pieces of Vrect are not oriented radially (x ^ S for many (x, S) G 
spt Vrect). the ratio Vrect (G2(B(0,r)))/r^ necessarily decreases as r decreases. (This is 
a corollary to the Monotonicity formula [6, 17.5].) Therefore we have, and do, take 
special care to make sure that the density 0^ (Vrect , 0) does not vanish. 

The proof continues towards the end of this paper and depends on the calculations 
summarized in the following lemmata. 

The varifold will be again supported by the three-dimensional surface parameter- 
ized by F, see (9). 

In every point of x G ranged \ {0}, we will frequently refer to the radial direc- 
tion N{x) = xj and to a selected tangential direction. The latter is conveniently 
expressed by matrix multipUcation. 

Let be the matrix that rotates ei ^ 63 and 62 €4 given by 



7i^= 7(0,1) = 



/OO -1 \ 
00 -1 
10 

\0 1 / 



(22) 



For e > andx e M"* \ {0}, let 



(x) 



{span{M,v} : {u,v} orthonormal, 

ll«-A^(x)|| < e, \\v-jj^Nix)\\ < e}, (23) 



and 



G^d&y- = ■■^^^"\ {0}, S e G^,^^(x)}. 



(24) 



Then {G^ ,24 (■^) : £ > 0} is a neighborhood base for a special point span{Ar(x), 

Ji^N{x)} e G(4,2), which is the span of the radial direction and the direction deter- 
mined by 7^3 . From this comes the subscript in our notation. 



'13- 

Note that if we let 



734. 
'12 • 



/O -1 \ 
10 
-1 

Vo 1 / 



(25) 
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and define G^^ {x) accordingly then there is £0 > (independent of x) such that 

Gr:d&.-WnGtd&y34(x)=0 (26) 

for all e G [0, Co). To see that, it is only needed to observe that 

span{N{x),jf^N{x)} ^ span{A^(x),7f^Af(x)}. (27) 

This is similar to (21) but now the proof is even easier. First consider (27) in the 
special case when A?(x) =e\. Then if (27) were not valid, then the matrix 

1 00\ 
100 
00 10/ 

would have range at most two. Using a rotation, we see that (27) in general is equiv- 
alent to (27) in the special case when N{x) =e\. 

4.1 Basic surface, rings and their joins. 

Lemma 4.1 1. Let J > 0, Oq e M and 

r{a) = /'"°{a) = ^yd/cos2{a-cco) for all a -Oo e {-k/4,k/4). 
Consider the parameterized surface f/(a,/3) = U^'^{a,l5), 

U{a,P) = (r(a)cosacos/3,r(a)sinacosj3,r(a)cosasin/3,r(a)sinasinj3), 

a-ao&{-n/4,n/4), p eR. 

(U is In-periodic in J3, and injective on every period.) Then U is a minimal surface. 

2. Let 

^*i/2=4? = {f^(«./3):«e(fi,?2), /3eK}, {the "ring") (28) 

5,, ={f/(fi,j3):j3 eR}, (29) 
S = 5ao-7r/4,ao+V4 = range(f/). 
Then the rectifiable varifold Vjg/i^s is stationary. 

3. {The ring varifold and its first variation.) For every xGS, find any p satisfying 
U{p)=x and let 

r}a^{x)=N{dU{p)/da) 

where N{y) = 

For Oo - k/4 <ti<t2<0io + n/4, let 

<>? = V.<^- (30) 

Then, 

5<f(^)=/ X{x)-Tla,{x)dJif'- [ X{x)-r\a^{x)dje\ (31) 
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4. {Two rings at touch.) If ai< a <a2 and a - ai = - a e [0,n/4) then 

f/'''«i(«,i3) = t/'''"'(a,j3) (32) 



and 



Ti„,([/'''«i(a,/3))-Ti^(f/''''^(a,j3)) = 2sin2(a-ai)-Ar(f/'''«i(a,j3)) (33) 

is a radial vector at the point. 

5. The tangent plane to U = 11^'"" at x = U{a,P) belongs to G^°^^ "^\x)and 



where e = 2maxcos([2(fi - ao),2(f2- Oq)]). 
6. (Mass distribution) 

M{Vtf^^) = nd{lan2{t2 - Oq) - tan2(fi - Oo)). 

For every < Vd < r\ < r2 there is a number p = p{d,ri,r2) € [''l)''!] such that 
whenever Oq <ti <t2 < CCo + n/4, andti < si < S2 < ?2 then. 



r{t2f-d^-Jr{t,)'-d^ 



n\r{t2)'--r{txf 



and 



• ;r|r(.2)'-K^i)'| 



lids with ^^(si) ^^P^^' 
tended by formula p{d,ri,r2) := p{d,r2,ri) for \fd <r2< n- 



If Oq — n/A <ti <t2 < OCo, the same holds with ^^^^^j j replaced by A^^^^) ^"'^ P 



Remark 4. 1 Our construction is related to the construction of Section 3 : We have S = 

range f/ c rangeF where F is as in (9), (10). In fact, f/(a, j3) = r(a)F( (cos a, sin a), 
(cosj3,sinj3)).Forao + 7r/4-e<fi </2 < ao + 7r/4 (or analogously for ao-?r/4< 
ti < t2 < (Xq — + £), and r = r{ti), s = r(?2), the ring S^^t2 is intended to be a 



perturbation of the annulus supporting ¥1, 5 



from (14); the relation can be 



better seen if a is considered as a function of the radius: if 0£(p) = r^^{p) then 
U{a{p),P) = pF((cosa(p),sina(p)),(cos/3,sinj3)) and a'(p) is small provided 
p > \/S (a is near Oq ± n/4). U 
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We will give two arguments for the minimality of surface U, the first one is easy 
but sUghtly incomplete: Let Oq — n/4 < ti <t2 < Oo + n/A with t2 close to ti, and 
consider the part of the surface detemained by a range t &{h,t2) (cf. (28)); this is the 
surface created by a certain "rotation" from curve 

y[t) := {r{t) cost, r{t)sint, 0,0), t e {h,t2). 

The boundary of the selected part consists of two circles S^, (see (29)). To this 
correspond fixed values yih ), Tih), as boundary conditions for y. 

Our first and incomplete argument for the minimality of U is based on comparing 
the area of the selected part of U with surfaces corresponding to other possible curves 
7 in R2 X {0}2 with the same boundary condition. 

The area is given by the formula 



= 27t[ ||y(OII-||r(0 



Id/ 



since the length of the circle through 7(?) is 27r||7(f)||. We will view 7 as a curve 
assume that 7 is the graph of a function r in polar coordi- 
nates, that is 7(f) = {r{t) cost,r{t) sinf). On = C, consider the map z>-^ whose 
derivative is 2z. That maps curve 7to a curve (where Y^{t) = (7(?))^ e C) whose 
length 

L=[ \\{fnt)\\dt=[ 2||7'(0l|-||rWI|d/ 

we find to be directly proportional to A. It is well known that L is minimal if 7^ is 

the segment connecting its endpoints. A special case is a vertical segment given in 
polar coordinates by (f , a) with f = d/ cos a; the general case is f = d / cos(a — Oq). 
Since z I-)- is expressed in polar coordinates as (r, a) i-)- (r, d) = (r^,2a), we obtain 
the curve 7(f) = {r (t) cos t,r{t) sin t) with r(f) = ^/d~/'cos2(t~~c^ , t e [t]J2]- The 
corresponding rotation surface is our best candidate for the minimum area surface 
spanned between and and U likely is a minimal surface. 

Proof of Lemma 4. 1 

1 . For formal verification of the minimality of surface U, it is enough to verify that 
H(f/) =0. 

Fora,fo,a,j3 eM, let 



B = B(/3) ::=y(cos/3, sin/3), where J{a,b) 



(aO 

Oa 

bO a 

\0b 



b 0\ 




a J 



and (since we choose to treat the vectors, including U, as column vectors, we will 
distinguish that in notation from this moment) 

A=A{a) = (cos a, sin a, 0,0)^. 



Then 



U = rBA 
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where r is a function of a: 

U{a,l3) = r{a)B{l5)A{a), a e (-;/r/4,;/r/4), j3 e R. 
Note that obviously \\U\\ =r, hence 

N{U)=BA. 

We have 

^ = /BA + rBA' = B(r'A + rA') (34) 
da 

^ = rB'A (35) 
dp 

where 

A' = (-sin a, cos a, 0,0)-^, S' =7(-sinj3,cosj3). 

Furthermore, 

A" = (-cos a, -sin a, 0,0)^ = -A, B" =7(-cosj3,-sinj3) = -B 
and hence 



da?- 
dHj_ 

Obviously 



B{r"A + Ir'A' + M") = S((r" - r)A + 2r'A') (36) 
rB"A = -rSA (37) 



A^A = {A'fA' = 1 A^A' = (A^A = 0. (38) 

It is immediate that 7(a,fo)^ =J{a,—b) and J{a,byj{a,b) = (a^ + fc^)/ where / is 
the identity matrix; in particular 

B^B = I, (39) 
{B'^B' = I. (40) 



Hence 



B-^=B'^. (41) 



Furthermore, J{b,a)J{a, b) = J{0,a^ + b^), in particular 

B^B'= 7(0,1) (42) 
and B'B^ = 7(0, 1). Multiplying that by B from the right (see (41)) we get 

B'=7(0,1)B. (43) 
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The metric tensor is 

^11 = ? • 3^ = ('■'^ + rA'fB^B{r'A + rA') (44) 
da da 

{/A + rA'fir'A + rA') {r' f + 

(40) 2.T. (38) 2 

= r A A = r 

dU dU , I T I 

Sn=g2i = -^-^ = {r'A + rA'fB^rB'A (45) 

r(r'A + rA')^y(0,l)A = 
since A,A' e x {0}^ while 7(0, 1)A e {O}^ x M^. Therefore 

We want to verify H(f/) = using (6) (or, equivalently, (7)). Thus we want to verify 
= 0, that is, V e span 1 1^ | 

where 

V = j;4T^B{{r" - r)A + 2r'A') + (-rSA) . 

That is 

^^^fi((r"-r)A + 2r'A') + ;^(-rfiA) S span{fi(r'A + rA'),rfi'A}. 

Multiplying by and using (41), (42), we get equivalent relation 

_ r)A + 2r'A') - iA e span{r'A + M', r7(0, 1)A}. 



Since A, A' e x {0}^, while r7(0, 1)A e {0} x M^, the latter can be removed: 
1 



((r" - r)A + Ir'A') -\A€ span{r'A + rA'}. 



Now the relation reduces to x {0}^, where A, A' form an orthogonal base. We have 
r'A + rA' ± rA — r'A' and our relation is equivalent to 

(rA - r'A')^ ((r" - r)A + 2r'A') -\a)=0. 

Using (38) this reduces to 

rr"-3(r')2-2r2 = 0. 



It is easy to check that our function r{a) = y/d / cos2{a — a^) verifies this equation. 

Thus we proved that the mean curvature vector H(f/) is identically zero and 
f/(a,/3) is a minimal surface. 
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2. Since H((7) = and there is no boundary (U is defined on E? and essentially 
injective) the associated varifold is stationary. 

3. To obtain (31)), it is enough to use (5); The boundary of S = S,^'^ is USt2, 
and if U{p) G dS then dU (p) /dfi is obviously tangent to dS and tj := dU{p) /da is 
orthogonal to it, see (45). If p = (?i , j3 ) then ?] is an inner normal, if p = (?2 , j3 ) then 
it is outer. 

4. Assume now that a\<a<aa and 

a - ai = tti - a e [0, 7r/4). (46) 

Then r'^'"! (a) = /■"2(a) and hence t/"«(a,/3) = t/"' (a,/3). 
At any point (a,/3) satisfying (46) we have, by (34) and (44), 

dU 

— = /BA + rBA' 
da 

fdU\ r' r 

= nA + RA' (47) 

where A, B and r are the same regardless if {/'''"i or {/'' "z is considered. Only r' is 
different: 

(/'«i)'(a) = -(/''^)'(a). 
Letting, e.g., Ob := a\, we have 

r=\/^cos"i/^2(a-ab) (48) 
r' = \/d cos~^/^2(a- ao)sin2(a- ao) 
V72+72 = \/jcos-^/^2(a-ao). (49) 

Since (47) are the values of Tj^^ and Tjaj, we get (33), that is, 

^a,{U'^"'{a,^))-no^{U'^'^{aM=cBA = cN{U''^"^{a,^)) 

where 

2r' 

c= =2sin2(a-OCo). 

To prove 5., it is enough to show that the tangent ioU at f/(a,j3) is the plane 
spanned by orthonormal base {Ar(|^(a,/3)),Ar(|^(a,/3))} where 

Kl^(«'i3))-^(f^(«'i3))|| <2cos2(a-ao) (50) 
N[%{a,^))=J{0,l)U{a,fi). (51) 

The two vectors are orthogonal by (45). Using N{U) = BA and (47) we get 

\\N{^)-Nm\<-j^===2cos2{a-ao) (52) 
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which is (50). Furthermore we have 



1 dUia,P) i^d^B'A'Wji0,l)BA=J{0,l)U{a,IS) 



which is (51). 

6. The mass formula is directly obtained by integration. Since gn = 0, the 2- 
volume element has a simple form. 



M(y5«») = M'^s'};^ = I da [ dp VHT^ 

= 27t da r\/ r'2 + ^= In \ dai/cos"^2(a-ao) 



= Kd{tm2{t2 - OCo) - tan2(?i - Oq)) 
If OCo ^ [hjh] then sgntan2(?2 — OCq) = sgntan2(;i — ocq) and 



d\tm2{ti-ao)\ 



cos2 2(;,— Oo) 



-d^ = ^r{tif-d^ 



since r{ti)^ = dj cos2(?,- — OCq). This gives the mass in the form 



/rfe)4-j2-^r(fi)4-j2 . 

The expression that contains p is obtained by the Mean value theorem applied to 
function !->• \Jcp- — d'^ on interval \r{t\f' ■,r(t2f'\ or ^(t-if- j{t\f-\. (Thus p depends 
on d, r{t\) and rifi) but, naturally, not on Oq.) Since obviously St^^^ '^'^r(ii) ~ '^*i.*2 
we have 

<f(G2(A:j:jJ))=M(y,';;g'). 

□ 



4.2 Mini-layer. Details about branching. 

From the ring varifolds we construct two types of (mini-layer) varifolds: Vi branching 
inwards and V2 branching outwards. That is, SVi is supported on a number of circles 
of larger radius and twice as much circles of smaller radius. We carefully compute 
the densities of 5V, on the circles and record the mass distribution. 

Lemma 4.2 For p > and a e M denote 

S{p,a) = {p(cosacosj3,sinacosj3,cosasin/3,sinasin/3) : j3 e M}. (53) 

Letk€N,k> 20 andye {K/S,n/4) he fixed. Let 



/ cos2y 
^^^^■^=V cos2(7-;rA) ^("'^^' 

e = 2cos2(7-7r/A:) 
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and 

Q,y = 4sin(27) 

Ck^Y = 2sin(2(7- n/k)) + 2sin(27) = 4sin(27- n/k) cos{n/k) 

Ckj = 4sin{2{Y-7t/k)). 
Then, for every r2 > and for ri = or2, there are rectifiable 2-varifolds Vi = 

spty,cG2(A;j)nG^,^.4, (54) 



4sin2(7- %lk) ■ Ti(is2f - [sxf) < M{Vi l G2(AJ2)) = V,(G2(AJ?)) (55) 

^ sin2(7-.A) -((")^-(-^)^^ 

whenever ri < si < S2 < r2, and 

5Vi{X)=Ck,yBr,,2k{X)-Ck,yBr,,k{X) (56) 

5V2{X) = Ck,yBr„kiX) - Ck,jBr,,2k{X) (57) 

where {denoting N {x) =x/||x||) 

Bp,k{X) = TZ[ X-Ndje\ (58) 

Proof Let J > be such that 



r2 = ^/dJcos2Y 



n = or2 = y/d /cos2{y— n/k). 

Let V,f^ be as in Lemma 4.1, cf. (30) (Oq e R and Oq - n/4 <ti <t2 < cco + 
n/4). 
Let 

V f^d,{2i+l)7:/k-r ,^d,(2i+l)7r/k+r \ .^q\ 

m — y2iKik, {2i+i)n/k ^{2i+i)jt/k, {2i+2)jt/k J ' ^•^^> 

1=1 

Vo2 = £ iy(2i-l)Klk,2mlk + ^2in/7/(2t+l)7:/k) ' (6^) 
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Then, from (31), (32) and (33), 

k 



5yoi(X) =2sin(27) V / X-NdJif^ (61) 

k ^ 

-2sin(2(7-7r/yt)) r, / X-NAM''^, 

fr[Js(ri,(2i+2)nlk) 

k !■ 

5Vm{X) = 2 sin(27) Y X- NdJf^ (62) 

^lJs{r2,2i7c/k) 

k I- 

-2sm(2{Y-nlk))y X-NdJif^. 



Let 



1 * 



VoO — Vqo''^^'^ ~ I ^'^l,ri,r2,{cos2in/k,sm2in/k) (63) 
i=l 

where = y^2,(,p^{,,,+ft,^,,,3+ft,^}nA^2(R4)) (see also (14), (15)). Since 

spanjaei + be2, ae^ + be4} is a hnear space invariant under multiphcation by Jf^ 
(see (22)), we have 

sptVo(^CG2{Kl)nG°^^^j2A. (64) 
Furthermore (cf. (5) or Section 3), 

dVoo{X) = ly([ X-NdJ^^- [ X-NdJe^ 

k \Js{r2,2i7:/k) Js(n,2inlk) 
= Br^^k{X)-Br^,k{X). (65) 

Let 

yi = iyoi+2sin(27)yoo (66) 

k 

V2 = ^ Vo2 + 2sin(2(7- n/k))Voo (67) 
Then the first variation of Vi and V2 is exactly as stated in (56), (57). Note that 

by Lemma 4.1, 5., and the same is true for planar varifold Voo, so also for Vi and V2. 
Let n < s\ < S2 < r2. We claim that 

M{Voi^G2{All))=M{Vo2^G2{All))=c2kn{{s2f-{sif) (68) 

where 

^ <c< . ^, ^ 7-. (69) 



sin27 sin2(7-;r/A:)' 
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Indeed, if p = p{d,si,S2) € [si,si] C [ri,r2] is as in Lemma 4.1, 6., then (68) 
holds true with 

11 1 1 

c= , < 



^1-^ ^1-^ A/l-cos22(7-7r/yt) sin2(7- tt//:) " 
On the other hand, 

1 1 1 



c> 



y'l-^ y^l-cos2 27 sin27' 



We have exactly M(Voo l G2(AJ2)) = ;r((5'2)^ - (s'l)^). Combining that with (69), 
we get (for j = 1,2) 

4sin(2(7-;rA))-;r((.2)'-(^i)') < (^^ + 2sin(2(7- ;rA))) ;r((.2)' - (.i)^) 

<M{Vi^G2{Af^)) 

<(inT2(F^+2sin(27))7r((52)2-(.i)') 

<inr2(F^^((^2)^-(^l)')- 

which is (55). □ 



4.3 Layers. 

Recall now that F is defined by (9) (see also (10) and (11)). 

Lemma 4.3 IfO < /?i < /?2 < ^3 < ^4 < °° and e > then there c e (1 — e, 1) and 
a rectifiable 2-varifold V with spt/iv C A^^, 

spty C G2(A^^ ua|) n G'^^j,, (70) 
UG2(A^PnG«,^,,, 
cG2(A^:)nG;^,^,.., (71) 

(1 -e);r((^2)'- (^i)') < M(yLG2(Aj2)) < {i + e)K{{s2f - {sif) (72) 
whenever Ri <si<S2< Ra, and 

5V{X) = B/;4,oo(X) - cBr^,^{X) (73) 
w/iere (wi//i N{x) = x/ \\x\\) 

r 

f((p-5i(M2))xSi(M2)) 
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Proof Choose = 100 • 2" and ^n/A- n/VW). 
With Q y, Ck^y Ckj, and (7^^^ as in Lemma 4.2 we have 



1 > 



1 > 



> sin(2(7(«) - TT/feW)) > 1 - 871^ /k^"^ > 0, 

> sin(2r(") - ;r/A;W)cos(;r/A;(")) > 1 - 5;rVfeW > 0. 



Hence 



n=l ,■/(") 



n 



e(o,i), 



n=l C'j.(n) ,)Xn) 



n 



e(0,l). 



Furthermore 



< 1 - a, 



sin2;r/\/fcW 
sin(27r + 27r ) 



2cos(7r//tW+27r/\/fcW) sin7r/A;W 
sin(27r/A;W +27r/V^) 



< n- 



< 



TT 1 



hence 



n=l 

Choose no € N so that (for n > no) 

e„:=2cos2(7W-7r//tW) <e, 
sin2(r(«)-7r/A;W)> l-e/3, 



M = 



4 sin(27("o) -;r/S:("o) ) cos(;r/fc("o) ) sm2{y^''o)-n/k'^"0^ ) 



< 1+e, 



(75) 
(76) 



and 



n=no ^ki") ,■/") 

C2:=n^e(l-sAl) 



(7:= n '^fcW,y(") e (niax(/?i//?2,^3/^4),l)- 

n=no 

Let r("o' -.^Rx/g, /?("o' c7/?4, and then inductively := (7^(„) := 
^W/c^iW,y(")-Thenlim„^oor(") = lim„^„o/?(") =/?4, 

7?l < rf"") <R2<R3< Te^"") < 
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Let 

nC^(m)y{m) 
-= — (hence c\ = ci,„q) 

m=n '~'k("') .yl") 

C2,n : = 1 1 T; (<^2,no := 1; C2 = C2,oo), 

and let y^'''*''^'^, yr,s,k,r ^ Lenuna 4.2 and Vbo = * is as in (63). Let 

^= L 7^ —^2 +C1V00+ 2- 

n=no n=no ,7*") 

and 

fTi in 

CiC2,„ r("+'),rW,yi:W,r(") , x/ , „+i ff("),i;("+l),A:W,y(») 
Vm= L 7; ^2 +CiyoO+ L 

n=noHW,y(") n=«0 '-'*:(") ,y(«) 

Then (70) can be obtained from (54) and (64). 
Denote also 

I'm •— 2- „ ^2 + irf '^l 

)7=m+l HW,r(") n=m+l HW,y<'') 



Note that 

Cl C2« 



<M, n> no, 



C^(n)^y(n) sin2(y(") - ;r/A:W) 

Cl < 1 < M, 

q(„)_^„) sin2(7(") - 7r/A:W) " ' 
Hence, by (55) and (76), 

oo 

M(y)< £ M;r((rW)2-(r("+i))2) (77) 

n=no 

+M;r((/?("o))2-(r("o))2)+ £ M;r((/?("+i))2 - (/?W)2) 

n=no 

= MK{{R,f - {Rif) < (1 + e);r((/?4)' - [Rif). 

In particular, V is a Radon measure. Therefore V is a varifold, obviously rectifiable. 

Moreover, M(y - V„) as n ^ oo. 



Note also that 

4Cl C2n 



> ciC2, n > no, 



C^(B)^y(n) 

Cl > ClC2, 

4ci,„+i 

^-^ > ciC2, n > no- 
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Again by (55) (and (75)), we get 

M(y) > £ (1 - e/3)ciC2;r((rW)2 - {r^"+^)f) (78) 

n=no 

+ (1 - e/3)ciC2n{{R^"°^f - {A"o^f) 

CO 

+ ^ (l-e/3)ciC27r((/?(«+i))2-(/?W)2) 

n=no 

= (1 - e/3)c,c27t{{R,f - {R,f) > (1 - e)7t{{R,f - {R,f). 



From (77) and (78), (72) follows in the special case si = Ri, S2 = R4. (Note that a 
special case =ri, S2 = r2 of (55) was used.) Proof of the general case R\ <si < 
S2 < Ra of (72) is similar, with the following differences: a) some of the terms in (77), 
(78) might be replaced by 0, and b) some (at most two) of the terms might be "cut" 
to a smaller span between radii; the general case of (55) is used in such a case. For 
example, (78) is to be replaced by 

00 ^ 

M{V^G2{Al\))> £ (l-e/3)ciC2;r((r(«))2-(r(«+i))2) (79) 

n=no 

+ (1 - e/3)ciC2;r((/?("o))2 _ [M)f) 
+ L (l-e/3)ciC2;r((/?(«+i))2-(/?(«))2) 

n=no 

= (1 - e/3)c,c2n{{s2f - {s,f) > (1 - e)n{{s2f - {sif). 



where p = min(max(si,p),S2)- 

We have Vng-i = ciVbo and, by (65), 

5V«o-l ='^l^/;("0),i:("0) ~'^l^r("0),A:("0) = .«0^fl('"o) .i("o) ^ C2,«oB^(„o) („(,) 

where fip^^ is as in (58). Using (56) (57) we obtain by induction 

5Vn = Ci,„+i5^(„+i)_^(„+i) — Ci C2,n-|-l5^(„+i)_j.(„+i) . (80) 

Indeed, for n>no, 

5V„ = ''"^^ (Qw,y(>.) Bj{{n+l) 2k(n) - Ck{n)^y(n) B ^{n) j^n) ) + 

C\,nBi^(„)j^(n) — ClC2,nBj.{n) ^-(n) + 

Cl C2,„ 



= Cl,n-|-lSjj(„+i)_^(„+i) — CiC2,„+lB^(„+i)_j(„+i). 

It is easy to verify that, for every smooth vector field X, 

BR(n+l)Un+l) {X) Br4,oo(X) 



and 
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On the other hand, 



\5V{X)-5VniX)\^^ 



I diYsX{x)d{V -V„){x,S) 



<||z||ci-M(y-y„)^o 



as n ^ oo. From (80) we therefore obtain the formula for the first variation of V, with 
c := limciC2,„ = C1C2 e (1 — e,l). □ 

Lemma 4.4 IfO < /?i < /?2 < ^3 < ^4 < °° and e > then there w c e (1 - e, 1) and 
a rectifiable 2-varifold V with spt^iy C A^^, 

sptycG2(A|uA^;)nG^^,^,34 (81) 



UG2(A^PnG^ 



rad &J] 



(\-e)K{{s2f-{s,f) < M(yLG2(Aj2)) < {i + e)K{{s2f-{sxf) (83) 
whenever Ri <si<S2< Ra, and 

5V{X) = Br,^^{X) - cBr^M (84) 

where Bp o,, is as in (74). 

Proof The statement is the same as in Lemma 4.3, with the exception of a change 
of coordinates in (81) — we show that it is enough to exchange coordinates xi 
and X3. Let (j){x\,X2,X3,X4) = 0(xi,X3,X2,-«4), ((-«i,x2,X3,X4) e M"*), and 'P{x,S) = 
(</.(x),</.(5)) ({x,S) e G2(K4)). TheniPiJj^x) =Jl^<l)ix) and ^{G^^,^j2.) = G^d&yJi 
(cf. (24)). The domain of integration in (74) (which is parameterized by F) does not 

change under (j){F{{pa,pb), {c,d))) F{{c,d), {pa,pb)) F{{pc,pd), {a,b)). 
Therefore, if y is as in Lemma 4.3, then V := <j)mV = 0#V is a varifold with required 
properties. □ 

Lemma 4.5 IfV is as in Lemma 4.3 or Lemma 4.4 and r>0 then 

M(yLG2(5,(M'^))) =0. (85) 
Proof For every < £1 < r we heave by (72), (83), 

M(y . G2(A^^|)) < (1 + e)7r((r + ei)2 - (r - ei)2) ^ 0. 

□ 



We do the last step of our construction of a stationary rectifiable varifold in the next 
section. 
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5 Two variants of the main result 



Theorem 5.1 There is a stationary rectifiable 2-varifold V in Mr that has a non- 
conical (hence non-unique) tangent at and < 0^(y,O) < t». 

Proof 1. The varifold V. For < /?i < /?2 < ^3 < < °° and e > let 



1/1 



and 



e(l-l/e,l) 



denote the varifold and the number from Lemma 4.3. Let 



V, 



and 



4,.R2.R3,R4,e e (l-l/e.l) 



denote the varifold and the number from Lemma 4.4. 
For n e Z, let 



;(") = 
?(") _ ' 



l/4(n2+l) 



RY' = 2-" 



4"' - (l+e("')2^« 
7?<") = (l-e("))2-«+i 



R 



(«) 



-n+l 



R 



Let 



Accordingly, let 



y(n) = 



y 



4«) 



(n-1)^ 

for n even, and 
for n odd. 

for n even, and 
for n odd. 



Let = 1 and 



Cin)^i^"k=y^ forn>0,and 
ln,-i„^ forn<0. 

Since c^*) > 1 — e^*) and Ds:>oe^*^ < °°, we have 



Define 



By (72), (83), 



:= lim d") e (0,oo). 
y := ^c^")y(«). 



- (/?W)2) < M(y W) < mW := 2;r((/?^"))2 - (/?W)2)_ ^gg^ 



26 



Jan Kolaf 



Since C^"^ is decreasing, 

£ cWm(vW) < £ c(-*)mW = d-^)2a:(/?^"^V < °°- (87) 

n>—k n>—k 

y is a Radon measure because, for every k, 

V{G2{{x : \\x\\ < 2^})) < £ cWM(yW) < oo. 

n>—k 

Obviously, the varifold V is rectifiable. 

Using (72) and (83) more wisely than in (86) we get that 

d°-){l-e^"^)nR^<V{G2{{x: \\x\\ </?}))< cW(l + eW)7r/?2 (88) 

whenever/? e {0,R\ '). Hence 

02(y,O)=d~);re(O,oo). 

2. The varifold V is stationary. Let X be a compactly supported smooth vector 
field on M^. Fix A; e N such that sptX c {;c : ||x|| < 2*}. We have 



5yW(^) 



J divsX(x)dy("'(x,5) 



WmW 



Since L„>_iC(")M(") converges by (87), we have 



5V(X) = J div5X(x)dy(x,5) 

£ d") /"divsX(x)dyW(x,5)= £ cW5yW(X). (89) 

"^-i- n>-k 



n>-k 



When using (73) and (84) to calculate Zn=-k(^^"^^^^"H^) we reaHze that the first 
term is zero since integrating outside the support of X, next terms mutually cancel 
(^C^n)^{n] _ (j{n+i)^ _ ^(^"+')) ^nd the last one can be transformed so that we see 
it converges to 0. Formally, 



n=—k 



n=—k 



£cW5yW(X)= £ (cWfi^(„)^(Z)-CWcWfi^(„)^(Z) 



= C(-*)s^(_,)^^(Z)-C('«)c('«)B^„_^(X) 



(74) 



^(m)^(m) 



/ 



X-N 



dJ^2 



F((i?5"'-5|(»2))xSi 



2kR 



(m) 



r>(™) 



F(Si(M2)xSi(K2)) 



dJr^(M) 
2k 
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as m oo since lim/jj'"^ = 0, limC('"+i) = C^°°\ andmainlyX(pM) ^•X(O) uniformly 
as p — >^ and 



/ 



F(Si(K2)x5i(R2)) 

Therefore the sum in (89) is zero, dV{X) =0 for arbitrary smooth compactly sup- 
ported X, and y is a stationary varifold. 

3. The tangents to V. First we describe (without proof) the tangents to V: 

VarTanoy = {(cH/2;r)y (_,, : ^ > 0} 



where is as above and V^ri} as in (19), (12), (13). Due to a "periodicity", ^ can 

be restricted to [r\^\r\'^^) = [1,4). Then y^ are mutually different and therefore not 
conical (cf. Lemma 3.1). 

For the proof of the theorem we do not need anything more than to pick out a 
single tangent varifold and show that it is not conical. Let A,- = 4~'. Then = 
and (see (71), (82)) 

spt(T]oA «#v("+20) c G2{ApnG,t2.^,. 

where Z)„ is either symbol Jf^ (n even) or (n odd). Therefore D„^2i = 0„ and 

spt(T7oA *^) C U (G2(Aj;|)nG,tS 

From (86), 



= (A,-)-'cP')M(y(2')) > (A,)-2cH|((/;f ))2 _ (/;(20)2) ^ |^cH_ 

By the compactness theorem for Radon measures ([6, p. 242, p. 22]), there is a 
varifold C and a subsequence of {A,} (denoted by {A,} again) such that rjQ^. fl#y — >• C. 
(We note without proof that in fact it is not necessary to pass to a subsequence since 
even the original sequence is convergent.) Hence C G VarTanoy. From the above, 

M(^CLG2(A^;o))j>-CW>o (91) 

and 

sptCc U (G2{A%)nG^^j,^ 
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for every e > and thus also for e = 0. In particular 



sptCnG2(intA|„))cG,^d&z)o, (92) 



sptCnG2(intA5J)cG0d&Di (93) 



where intM denotes the interior of M. From (93), 



^(0) 

spt (t?o,i/2 mC) n G2(intA ) 

C ^rad &Di ■ (94) 

^1 



Assume that C is conical. Then sptC = spt(T7o 1/2 Since G^'^^j^^^ and G^^j^^^ 
are disjoint (see (26)), we see that (92) and (94) is possible only when 

„(0) 

sptCnG2(intA (0)) =0 

which is a contradiction with (91) and (85). Hence C is not conical. □ 

Theorem 5.2 There is a stationary rectifiable 2-varifold V in that has at least 
two different conical tangents at and < 0^ (V, 0) < t». 

Proof For n e Z, let 

gW = l/4(«2 + i) 

r["'> = 2-"' 

4") = (l+eW)/;W 

/?^"' = (l-e("))4"' 

Note that {n^} is a strictly increasing sequence with increments at least one, hence 
< < /Jj"^ < r'^^K Repeating the construction of Theorem 5.1 we obtain a 
rectifiable stationary 2-varifold V, but now the varifold's tangents at are different. 

Without proof we claim that, with c — C*^"-* /In, cVifi^^ and CV2.0.00 (see Section 3, 
(12), (13)) are two different (Lemma 3.1) conical tangent varifolds to V at G M^. 
There are also tangent varifolds of the form c(V'i^o,p + ^2,p,oo) and c(V2,o,p + ^i,p,»o)' 
p > 0; they are not conical, but they are "conical near 0".^ 

We will give the detailed proof for existence of two different conical tangent 
varifolds at 0. Let A, = iRf''' and Xi = i7?f 



' We believe a slightly more complicated construction gives an example of a varifold whose all tangents 
are conical but the tangent at a point is non-unique. Basically, has to be replaced by a cnrwe 

{J{t) : r € [0, 1]}. A varifold would be used that takes directions in G^^'^y(jy2') °" ^^(") ('^'^^ whenever 
H=2*-t-;>2,fc,j,eN,y<2*. 
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Note that, for i oo, Rf'^ /A,- = l/i ^ while /?f ^ /A,- = 2-(2'-i)'+(20^/j ^ oo. 
We have 

where D2i = Do is the symbol "J^". Hence 

spt (rjo,A, mV) C G2(A^'"'/'') U (g2{a'^/'^) n G^^'U) ^ G2(A^2.)/;l;- (95) 

As in the proof of the previous theorem, we pass to a subsequence (denoted by 
{A,} again) if necessary, so that I7o,a,, C & VarTanoV and rj^^ C £ 

VarTanoV. 

By (95), 

sptC C G2({0}) U n G^d&z3o = G2({0}) UGOd&o„. 

e>0 

By the same argument, 

sptCcG2({0})UG0d&Oi 

where Di = "7^2 "• Hence C = C is posssible (cf. again (26)) only if sptCU sptC C 

G2({0}). However, for sufficiently large « e N we have Rf'^/k > 2, Rf'^/Xi < 1 and, 
by (72) and (83), 

M((7]oA mV) L G2(a2)) = (AO-'M (v l G2(a2^')) 

= (A;)"^CP')M (yP') lG2(A2^')) 

> (A0-2cH|((2A02- (A,)') = I^CH > o 
and therefore C ^ C are two different conical tangents to V. □ 
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